A path in a vertex-colored graph is a vertex-proper path if any two internal adjacent vertices differ in color. A vertex-colored graph is proper vertex k-connected if any two vertices of the graph are connected by k disjoint vertex-proper paths of the graph. For a k-connected graph G, the proper vertex k-connection number of G, denoted by pvc k (G), is defined as the smallest number of colors required to make G proper vertex k-connected. A vertex-colored graph is strong proper vertexconnected, if for any two vertices u, v of the graph, there exists a vertex-proper u-v geodesic. For a connected graph G, the strong proper vertex-connection number of G, denoted by spvc(G), is the smallest number of colors required to make G strong proper vertex-connected. In this paper, we study the proper vertex k-connection number and the strong proper vertex-connection number on the join of two graphs, the Cartesian, lexicographic, strong and direct product, and present exact values or upper bounds for these operations of graphs.
Introduction
In this paper, all graphs considered are simple, finite and undirected. We refer to the book [3] for undefined notation and terminology in graph theory. For simplicity, a set of internally vertex-disjoint paths will be called disjoint. A path in an edge-colored graph is a rainbow path if its edges have different colors. An edge-colored graph is rainbow kconnected if any two vertices of the graph are connected by k disjoint rainbow paths of the graph. For a k-connected graph G, the rainbow k-connection number of G, denoted by rc k (G), is defined as the smallest number of colors required to make G rainbow kconnected. This concept came after the September 11, 2001 terrorist attacks, from which many weaknesses of the secure information transfer of USA had been discovered. Among all these weaknesses, the most nonnegligible one may be the problem of the secure communication between departments of government. There is an information transfer path (may pass by some other departments) between every pair of departments and each step of this path needs a password. In order to protect the safety system from the invasion of terrorists, all passwords in the path must be different. As the data size can be quite huge, one natural question arose that what is the smallest number of passwords allowed to ensure one or more secure paths between every pair of departments. This concept was first introduced by Chartrand et al. in [6, 7] . Since then, a lot of results on the rainbow connection have been obtained; see [11, 21, 22] .
As a natural counterpart of the concept of rainbow k-connection, the concept of rainbow vertex k-connection was first introduced by Krivelevich and Yuster in [17] for k = 1, and then by Liu et al. in [23] for general k. A path in a vertex-colored graph is a vertex-rainbow path if its internal vertices have different colors. A vertex-colored graph is rainbow vertex k-connected if any two vertices of the graph are connected by k disjoint vertex-rainbow paths of the graph. For a k-connected graph G, the rainbow vertex k-connection number of G, denoted by rvc k (G), is defined as the smallest number of colors required to make G rainbow vertex k-connected. There are many results on this topic, we refer to [8, 9, 20, 24] .
Concerning about the geodesics instead of the paths, Li et al. [19] introduced the concept of strong rainbow vertex-connection. A vertex-colored graph is strong rainbow vertex-connected, if for any two vertices u, v of the graph, there exists a vertex-rainbow u-v geodesic, i.e., a u-v path of length d (u, v) . For a connected graph G, the strong rainbow vertex-connection number of G, denoted by srvc(G), is the smallest number of colors required to make G strong rainbow vertex-connected.
In 2011, Borozan et al. [4] introduced the concept of proper k-connection of graphs. A path in an edge-colored graph is a proper path if any two adjacent edges differ in color. An edge-colored graph is proper k-connected if any two vertices of the graph are connected by k disjoint proper paths of the graph. For a k-connected graph G, the proper k-connection number of G, denoted by pc k (G), is defined as the smallest number of colors required to make G proper k-connected. This concept is also based on the situation we introduce above if we bring down a little bit our demand. That is, we only need to set them different for adjacent passwords instead of any pair of passwords in this path. Note that
where χ ′ (G) denotes the edge-chromatic number. Recently, the case for k = 1 has been studied by Andrews et al. [2] , Laforge et al. [18] and Mao et al. [25] .
Inspired by the concepts above, Jiang et al. [14] introduced the concepts of proper vertex k-connection and strong proper vertex-connection. A path in a vertex-colored graph is a vertex-proper path if any two internal adjacent vertices differ in color. A vertex-colored graph is proper vertex k-connected if any two vertices of the graph are connected by k disjoint vertex-proper paths of the graph. For a k-connected graph G, the proper vertex k-connection number of G, denoted by pvc k (G), is defined as the smallest number of colors required to make G proper vertex k-connected. Let κ(G) = max{k : G is k-connected} denote the vertex-connectivity of G. Note that pvc k (G) is well defined if and only if 1 ≤ k ≤ κ(G). We write pvc(G) for pvc 1 (G), and similarly, rc(G), rvc(G) and pc(G) for rc 1 (G), rvc 1 (G) and pc 1 (G) respectively. For a complete graph G, set pvc(G) = 0. Moreover, we have pvc(
where χ(G) denotes the chromatic number of G. A vertex-colored graph is strong proper vertex-connected, if for any two vertices u, v of the graph, there exists a vertex-proper u-v geodesic. For a connected graph G, the strong proper vertex-connection number of G, denoted by spvc(G), is the smallest number of colors required to make G strong proper vertex-connected. Especially, set spvc(G) = 0 for a complete graph G. Furthermore, we have
We recall some fundamental results on pvc k (G) and spvc(G) which can be found in [14] . For the case that diam(G) ≥ 3, we have the following theorem. Moreover, Jiang et al. [14] determined the value of pvc k (G) when G is a complete graph and a complete bipartite graph.
The following results on spvc(G) are immediate from its definition. The standard products (Cartesian, direct, strong, and lexicographic) draw a constant attention of graph research community, see some papers [1, 5, 12, 16, 26, 27, 28, 31] . In this paper we consider the join and the four standard products with respect to the (strong) proper vertex-connection number. Each of them will be treated in one of the forthcoming sections. In the join part, we determine the values of the proper vertex kconnection number and the strong proper vertex-connection number for the join of two graphs. Besides, for the Cartesian, the lexicographic and the strong products, we also study the two parameters, giving exact values for most of our results and upper bounds for the others. In the final section, we determine the values of the proper vertex connection number for the direct product, and study the proper vertex 2-connection number and the strong proper vertex-connection number for the direct product with one of its factors being the complete graph. For all graph products, only k = 1, 2 are considered in this paper.
The join
The join G ∨ H of two graphs G and H has vertex set V (G) ∪ V (H) and its edge set consists of E(G) ∪ E(H) and the set {uv : u ∈ V (G) and v ∈ V (H)}.
(2) Let G, H be two graphs and 2 ≤ k ≤ min{|G|, |H|}. If the sum of the minimum degrees of G and H is less than k − 1, then pvc k (G ∨ H) = 2; otherwise, we have pvc k (G ∨ H) = 1.
Proof.
(1) By the definition of join, we have diam(G∨H) = 2 since G∨H is not complete. From Propositions 1 and 2, it follows that pvc(G ∨ H) = spvc(G ∨ H) = 1.
(2) Let u and v be two vertices with the minimum degree in G and H, respectively. If the sum of the minimum degrees of G and H is less than k − 1, then there must exist a path of length at least 3 among the k desired paths from u to v in G ∨ H. Thus pvc k (G ∨ H) ≥ 2. Clearly, G ∨ H has a spanning complete bipartite subgraph. By Lemma 1(2), we have pvc k (G ∨ H) ≤ 2 and so pvc k (G ∨ H) = 2. For the other cases, we can always find k desired paths of length at most 2 between any two vertices of G ∨ H. Thus pvc k (G ∨ H) = 1.
The Cartesian product
The Cartesian product G H of two graphs G and H is the graph with vertex set V (G)×V (H), in which two vertices (g, h) and (g ′ , h ′ ) are adjacent if and only if g = g ′ and hh
′ ∈ E(H), or h = h ′ and gg ′ ∈ E(G). Clearly, the Cartesian product is commutative, that is, G H is isomorphic to H G. Moreover, G H is 2-connected whenever G and H are connected. Thus we consider pvc k (G H) for the case k = 2 in this section. Remind that d G (u, v) is the shortest distance between the two vertices u and v in graph G.
Theorem 3. Let G and H be two nontrivial connected graphs.
(1) If both G and H are complete, then pvc(G H) = 1; otherwise, we have pvc(G H) = 2.
(2) If G and H are two complete graphs of order at least 3, then pvc 2 (G H) = 1; otherwise, we have pvc 2 (G H) = 2.
(3) If both G and H are complete, then spvc(G H) = 1; otherwise, we have spvc(G H)
Proof. (1) If both G and H are complete, then diam(G H) = 2 and so pvc(G H) = 1 by Proposition 1. Otherwise, we have diam(G H) ≥ 3 and so pvc(G H) = 2 by Theorem 1.
(2) First suppose that G and H are two complete graphs of order at least 3. Then diam(G H) = 2 and so pvc 2 (G H) ≥ 1. Color all the vertices of G H with color 1. Next we just need to show that for any two vertices (g, h) and (
Similarly, we can get the case that h = h ′ . Now we may assume that g = g
Afterwards suppose that G = K 2 and H = K n , where
For two vertices (g 1 , h) and (g 2 , h) of G H, the edge (g 1 , h)(g 2 , h) is one desired path but the length of the other desired path is at least 3. Thus pvc 2 (G H) ≥ 2 and so it remains to show that pvc 2 (G H) ≤ 2. Define a 2-coloring of G H by coloring the vertex (g i , h) with color i where i ∈ {1, 2} and (g i , h) ∈ V (G H). It is easy to check that there exist two vertex-proper paths between any two vertices in G H and so
Finally we may assume that G is not complete without loss of generality. Then we have diam(G H) ≥ 3 and so pvc 2 (G H) ≥ 2. Next we just need to show that pvc 2 (G H) ≤ 2. Let S and T be spanning trees of G and H, respectively. Then S T is a spanning subgraph of G H and so it suffices to show that pvc 2 (S T ) ≤ 2. Let g 0 and h 0 be the roots of S and T , respectively. Define a 2-coloring of the vertices of S T as follows:
are of the same parity, then color the vertex (g, h) with color 1; otherwise, color it with color 2. Now it remains to check that there are two vertex-proper paths between any two vertices (g, h), (g ′ , h ′ ) in S T . For any two vertices in S or T , there is a path connecting them. Let gg 1 ...g k g ′ and hh
′ ) are the desired paths. The same is true for the case that h = h ′ . Now we may as-
(3) If both G and H are complete, then diam(G H) = 2 and so spvc(G H) = 1 by Proposition 2. Otherwise, we will show that spvc(G H) ≤ spvc(G)×χ(H). Firstly define a vertex-coloring c of G H with spvc(G) × χ(H) colors as follows. We give G a vertexcoloring c G using {1, 2, ..., spvc(G)} such that G is strong proper vertex-connected, and give H a proper coloring c H using {1, 2, ..., χ(H)}. For (g, h) ∈ V (G H), where g ∈ V (G) and h ∈ V (H), we set c(g, h) = (c G (g), c H (h)). By this way, we get a vertex-coloring of G H with spvc(G) × χ(H) colors and it remains to check that for any two vertices
By the commutativity of the Cartesian product, we can also deduce that
The lexicographic product
The lexicographic product G • H of graphs G and H is the graph with vertex set V (G) × V (H), in which two vertices (g, h), (g ′ , h ′ ) are adjacent if and only if gg ′ ∈ E(G), or g = g ′ and hh ′ ∈ E(H). The lexicographic product is not commutative and is connected whenever G is connected. Moreover, G • H is 2-connected if G and H are connected. Let d G (g) denote the degree of the vertex g in G.
Theorem 4. Let G be a nontrivial connected graph and H be a nontrivial graph.
(1) If both G and H are complete, then pvc(
(2) If both G and H are complete, then spvc( 
then the edge (g, h i )(g ′ , h j ) is the desired geodesic. Otherwise, if g = g ′ , then set g * be a neighbor of g in G and so the path (g, 
The strong product
The strong product G⊠H of graphs G and H is the graph with vertex set V (G)×V (H), in which two vertices (g, h), (g ′ , h ′ ) are adjacent whenever gg ′ ∈ E(G) and h = h ′ , or g = g ′ and hh ′ ∈ E(H), or gg ′ ∈ E(G) and hh ′ ∈ E(H). If an edge of G ⊠ H belongs to one of the first two types, then we call such an edge a Cartesian edge and an edge of the last type is called a noncartesian edge. (The name is due to the fact that if we consider only the first two types, we get the Cartesian product of graphs.) The strong product is commutative and is 2-connected if G and H are connected. The vertex-connectivity of the strong product was solved recently by Spacapan [28] .
Theorem 5. Let G and H be two nontrivial connected graphs. Then We can always find two disjoint paths of length at most 2 between any two vertices in G ⊠ H. Thus any two vertices of G ⊠ H are connected by two disjoint vertex-proper paths and then pvc 2 (G⊠H) ≤ 1. Thus pvc 2 (G⊠H) = 1. In a similar way, we can deduce pvc 2 (G⊠H) = 1 for the case that diam(G) = diam(H) = 2 and any two vertices with distance 2 in G (or H) have at least two common neighbors.
Next we consider the case that diam(G) = diam(H) = 2 and there exist two vertices with distance 2 in G and in H have only one common neighbor respectively. Let g and g ′ be the two vertices in G and g 0 be their unique common neighbor. Also let h and h ′ be the two vertices in H and h 0 be their unique common neighbor. We can see that the path (g, h)(g 0 , h 0 )(g ′ , h ′ ) is the only path of length 2 between (g, h) and
Finally, suppose that diam(G) ≥ 3 without loss of generality. From Lemma 4, it follows that diam(G ⊠ H) ≥ diam(G) ≥ 3 and so pvc 2 (G ⊠ H) ≥ 2. Similar to the case above, we have pvc 2 (G ⊠H) ≤ pvc 2 (G H) = 2 by Theorem 3(2) since G H is a spanning subgraph of G ⊠ H. Thus pvc 2 (G ⊠ H) = 2. Afterwards assume that diam(G) ≤ 2 and diam(H) ≥ 3. Next we show that spvc(G ⊠ H) ≤ spvc(H). Firstly define a vertex-coloring c of G ⊠ H with spvc(H) colors as follows. We give H a vertex-coloring c H using {1, 2, ..., spvc(H)} such that H is strong proper vertex-connected. For (g, h) ∈ V (G ⊠ H), where g ∈ V (G) and h ∈ V (H), we set c(g, h) = c H (h). Then it suffices to check that there exists a vertex-proper geodesic between any two vertices (g, h),
is the desired geodesic; otherwise the path (g, h)(g * , h)(g ′ , h ′ ) is the desired geodesic. Now we may assume that g = g
is the desired geodesic. Thus we have spvc(G ⊠ H) ≤ spvc(H). To show the sharpness of the bound, we consider the example that G is a graph with diam(G) = 2 and H is a path of length at least 3. By Lemma 4, it follows that diam(G ⊠ H) ≥ 3 and so spvc(
Finally we consider the case that diam(G) ≥ 3 and diam(H) ≥ 3. To show that spvc(G⊠H) ≤ spvc(G)×spvc(H), we provide a vertex-coloring c of G⊠H with spvc(G)× spvc(H) colors such that G ⊠ H is strong proper-vertex connected. First we give G and H two vertex-colorings c G and c H using {1, 2, ..., spvc(G)} and {1, 2, ..., spvc(H)} such that G and H are strong proper vertex-connected, respectively. For (g, h) ∈ V (G ⊠ H), where g ∈ V (G) and h ∈ V (H), we set c(g, h) = (c G (g), c H (h)). By this way, we get a vertex-coloring c of G ⊠ H with spvc(G) × spvc(H) colors and it suffices to check that there exists a vertex-proper geodesic between any two vertices (g, h),
is the desired geodesic; otherwise, let k ≤ l without loss of generality and then the path (g, h)(
is the desired geodesic. Thus we get that spvc(G ⊠ H) ≤ spvc(G) × spvc(H).
The direct product
The direct product G × H of graphs G and H is the graph with vertex set V (G) × V (H), in which two vertices (g, h), (g ′ , h ′ ) are adjacent if the projections on both coordinates are adjacent, i.e., gg ′ ∈ E(G) and hh ′ ∈ E(H). It is clearly commutative and associativity also follows quickly. For more general properties we recommend [13] . The direct product is the most natural graph product in the sense of categories. But this also seems to be the reason that it is, in general, also the most elusive product of all standard products. For example, G×H need not be connected even when both factors are. To gain connectedness of G × H at least one factor must additionally be nonbipartite as shown by Weichsel [30] . Also, the distance formula below for the direct product is far more complicated as it is for other standard products. Here d e G (g, g ′ ) represents the length of a shortest even walk between g and g ′ in G, and d o G (g, g ′ ) the length of a shortest odd walk between g and g ′ in G. There is no final solution for the connectivity of the direct product, only some partial results are known (see [5, 12] ). But the edge-connectivity of direct products is completely solved in [29] . Proof. Firstly we prove its sufficiency. Let (g, h) and (g ′ , h ′ ) be two vertices in G × H. Since diam(G) ≤ 2, diam(H) ≤ 2 and each edge of G and H is contained in a triangle in G and H respectively, if
Now we show its necessity. By the definition of direct product, we have
Thus the edge gg ′ is contained in a triangle in G. Similarly, we can deduce that each edge of H is contained in a triangle in H. Theorem 6. Let G and H be two nontrivial connected graphs, and at least one of them is nonbipartite. Then pvc(G×H) = spvc(G×H) = 1 if diam(G) ≤ 2, diam(H) ≤ 2 and each edge of G and H is contained in a triangle in G and H respectively, and pvc(G × H) = 2 otherwise.
For any two vertices (
Theorem 7. Let n and m be two integers with n ≥ 3 and m ≥ 3. Then,
(1) It is easy to see that diam(K n × K m ) = 2. By Proposition 2, it follows that spvc(
Define a vertex-coloring of G × H by coloring each vertex with color 1. Next it remains to check that there are two vertex-proper paths between any two vertices (g, h),
are the desired paths, where g 1 , g 2 ∈ V (G)\{g} and h * ∈ V (H)\{h, h ′ }. The same is true for the case that h = h ′ . Now we may assume that g = g ′ and h = h ′ . Then the edge (g, h)(g ′ , h ′ ) and the path (g, h)(g * , h * )(g ′ , h ′ ) are the desired paths, where
Next we just need to show that pvc 2 (K 2 × K m ) ≤ 2. Define a 2-coloring of K 2 × K m by coloring the vertex (g i , h) with color i where i ∈ {1, 2} and (g i , h) ∈ V (K 2 × K m ). Now it remains to check that there are two vertex-proper paths between any two vertices (g, h),
Theorem 8. Let H be a nontrivial connected graph with diam(H) ≥ 2. Then we have
(2) For n ≥ 4, if diam(H) = 2 and each edge of H is contained in a triangle in H, then spvc(K n × H) = 1; otherwise, we have spvc(K n × H) = 2.
(3) If diam(H) = 2 and each edge of H is contained in a triangle in H, then spvc(K 3 × H) = 1; otherwise, we have spvc(K 3 ×H) = 2 when H is a tree and 2 ≤ spvc(K 3 ×H) ≤ 3 when H is not.
Proof. (1) Since diam(K 2 × H) ≥ 3, spvc(K 2 × H) ≥ 2 and so we just need to show that spvc(K 2 × H) ≤ 2. Define a 2-coloring of K 2 × H by coloring the vertex (g i , h) with color i where i ∈ {1, 2} and (g i , h) ∈ K 2 × H. Now it remains to check that there is a vertex-proper geodesic between any two vertices (g, h), (2) If diam(H) = 2 and each edge of H is contained in a triangle in H, then diam(K n × H) = 2 by Lemma 6 and so spvc(K n × H) = 1 by Proposition 2. Otherwise, we have diam(K n × H) ≥ 3 and so spvc(K n × H) ≥ 2. Next we just need to show that spvc(K n × H) ≤ 2. Let V (K n ) = {g 1 , g 2 , ..., g n }. Define a vertex-coloring c of K n ×H with two colors as follows. For (g i , h) ∈ V (K n × H), where i ∈ [n] and h ∈ V (H), we set c(g i , h) = 1 if i is odd and c(g i , h) = 2 if i is even. It suffices to check that there exists a vertex-proper geodesic between any two vertices (g i , h), (g j , h ′ ) of K n × H. , h )(g k , h 1 )(g l , h 2 )(g k , h 3 )(g l , h 4 )(g k , h 5 )...(g l , h s )(g j , h ′ ) is the desired geodesic, where g k , g l ∈ V (K n )\{g i } and |k −l| is odd; otherwise, the desired geodesic is (g i , h)(g p , h ′ ), where g p ∈ V (K n )\{g i } and |p − i| is odd.
Then suppose that h = h ′ . From Lemma 5, we have d Kn×H ((g i , h ), (g j , h ′ )) = d e Kn (g i , g j ) = 2 and so the desired geodesic is (g i , h)(g k , h * )(g j , h ′ ) where g k ∈ V (K n )\{g i , g j } and h * is a neighbor of h in H.
